Abstract. This paper studies the notion of W-measurable sensitivity in the context of semigroup actions. W-measurable sensitivity is a measurable generalization of sensitive dependence on initial conditions. In 2012, Grigoriev et. al. proved a classification result of conservative ergodic dynamical systems that states all are either W-measurably sensitive or act by isometries with respect to some metric and have refined structure. We generalize this result to a class of semigroup actions. Furthermore, a counterexample is provided that shows W-measurable sensitivity is not preserved under factors. We also consider the restriction of W-measurably sensitive semigroup actions to sub-semigroups and show that that the restriction remains W-measurably sensitive when the sub-semigroup is large enough (e.g. when the sub-semigroups are syndetic or thick).
Introduction
Sensitive dependence on initial conditions has been a central notion in topological dynamical systems since being introduced formally by Guckenheimer in [7] , although these ideas go back to the work of Lorenz in the 1960's. Guckenheimer defined a transformation T on a metric space (X, d) to have sensitive dependence on initial conditions if there exists a δ > 0 such that for every ǫ > 0 and all x ∈ X, there exists a y ∈ B(x, ε) and n ∈ N such that d(T n (x), T n (y)) > δ. The transformation T defines a semigroup action of N on (X, d). Several generalizations of sensitivity to the context of other semigroup actions on metric spaces have been studied, for example in [11] , [12] , and [14] . A different route of generalization that has been considered has been measure-theoretic versions of sensitive dependence on measure spaces (i.e. N-actions). Examples include [1] , [5] , and [9] in the finite measure-preserving case and [2] , [6] , [8] , and [10] in the infinite measure and non-singular case.
In this paper we begin bridging the gap between these two generalizations by considering a measurable version of sensitive dependence on initial conditions in the context of semigroup actions. In particular a classification theorem of a measurable version of sensitivity, called W-measurable sensitivity, was proven in [6] . That theorem stated roughly that a conservative, ergodic, nonsingular dynamical system (N-action) is either W-measurably sensitive or isomorphic modulo a measure zero set to an isometry. We will prove a generalization of this theorem for semigroup actions. We will do this by considering a class of semigroups that can be equipped with a partial order which will give us a notion of escaping to infinity as well as allowing us to generalize key lemmas from [6] . To the best of our knowledge, this paper is the first attempt of trying to understand a measurable version of sensitive dependence on initial conditions in the semigroup setting.
In section 6, we will consider the restriction of W-measurably sensitive semigroup actions to sub-semigroups and ask when is the restriction W-measurably sensitive. We will prove two distinct classes of sub-semigroups preserve W-measurable sensitivity in the conservative ergodic case: syndetic sub-semigroups and thick sub-semigroups. A corollary that syndetic sub-semigroups preserve W-measurable sensitivity will be that powers of a classical dynamical system (N-action) exhibit W-measurable sensitivity. We remark that studying the restriction to sub-semigroups and asking if W-measurable sensitivity is preserved is one way of understanding the set of semigroup elements for which separation of points is occurring and thus, a natural point of study.
1.1. Organization. The organization of the paper is as follows. In section 2 we define the class of semigroup actions we consider and provide some preliminary definitions of standard dynamical notions in this context. In section 3 we discuss metrics that are compatible with our measurable systems and prove dynamical consequences of the metrics we consider. The results proven in this section are key tools to the proof of our main classification result. In Section 4 we define W-measurably sensitivity of semigroup actions and in section 5 we use the tools developed in previous sections to prove our main classification result that roughly states that under certain conditions, a measurable semigroup action is either Wmeasurably sensitive or is acting by isometries. This is the main dichotomy that generalizes the results of [6] . In section, 6, we derive some hypotheses under which the restriction of a W-measurably sensitive semigroup action to a sub-semigroup continues to be W-measurably sensitive. Finally, in section 7 we outline some questions and directions for future research.
Preliminary Definitions
Let (X, µ) be a standard non-atomic Lebesgue space, and let G be a countable abelian semigroup. We consider a nonsingular dynamical system, denoted (X, µ, G, T ), which consists of a homomorphism T from G to the semigroup of nonsingular endomorphisms of (X, µ). Thus, for each g ∈ G, T g : X → X is measurable, and for any measurable set A ⊆ X, T −1 g (A) is a null set if and only if A is a null set. Moreover, T g • T h = T g+h for any g, h ∈ G. Occasionally we may assume that the action is measure-preserving (i.e. for every measurable set A ⊆ X and any g ∈ G, µ(T
A is invariant (under T ) if it is both positively and negatively invariant (equivalently, T −1
. We say a non-singular action is ergodic if every invariant measurable set is null or co-null.
We assume throughout that G satisfies cancellation (g + h = g + k implies h = k), and has no inverses (g + h = 0 implies g = h = 0). For example, if G is a pointed sub-semigroup of an abelian group, then G has these properties. In this case, G is equipped with a partial order by setting g ≤ h if h = g + x for some x ∈ G. For example, G = N 2 with the lexicographic order. Moreover, using the partial order we have a natural sense of what it means for a sequence of group elements to go to infinity. We say (g i ) ⊆ G goes to infinity (in the partial order of G) if for every h ∈ G, there is an i 0 ∈ N with h ≤ g i for all i ≥ i 0 . We denote this by g i → ∞.
We will endow our measure spaces with µ-compatible metrics (i.e. metrics for which nonempty open balls have positive measure). We assume throughout that the metrics are bounded by 1 and Borel measurable. By [10] the topology generated by d is separable.
Hence, open sets are measurable as they are a countable union of balls. Of particular interest will be the metric d G defined by
for x, y ∈ X. As we consider multiple metrics, we will use the notation B d (x, ε) for an open ball about x of radius ε to highlight the dependence on d.
Remark 2.1. There are various measurable and topological properties of the dynamics of a single transformation that have different generalizations to the action of a semigroup of transformations. The point is that for the semigroup N, a subset of N is cofinal for the partial order on N if and only if it is an infinite subset of N. These two notions are no longer the same for general semigroups. We will use the prefix "G-" to indicate properties defined by the notion of cofinality.
As an example, recall that a point x ∈ X is called transitive if the orbit of x under G is dense in X: {T g x : g ∈ G} = X. In the case G = N, i.e. iterates of a single transformation, this is equivalent to requiring that for each n ∈ N, {T k x : k ≥ n} is dense in X. For more general semigroups such as N d , the two notions are not necessarily the same.
With this remark in mind we make the following definitions. 
order of G), and such that T g i x → x uniformly on X.
We close this section by recalling some standard notions in the semigroup setting that will be useful in later sections. Proof. Let A be negatively invariant with positive measure. We will first show that for each
is a null set. To do this, we will show that for each h ≥ g we have T
) is a null set. We must show that B is invariant. Let h ∈ G. We have
Corollary 2.4. Let (X, µ, G, T ) be a non-singular abelian system that is G-conservative and ergodic. If A is a positively invariant set of positive measure, then A is co-null.
Proof. If A is not co-null, then A c is negatively invariant of positive measure. By the previous lemma, there is an invariant set B ⊆ A c such that A c \ B is null. Then B has positive measure. By ergodicity, B is co-null, hence A c is co-null, contradicting the assumption that A has positive measure.
Dynamical consequences of µ-compatibility
In this section we prove some dynamical consequences of having a µ-compatible metric. These results will be important in our proof of the main classification result for W-measurable semigroup actions in section 5.
Lemma 3.1. Let (X, µ, G, T ) be G-conservative and ergodic, and let d be a µ-compatible metric on X. Then there is a co-null invariant set B ⊆ X such that every point of B is G-transitive.
Proof. Since µ is nonatomic, d has no isolated points. Since d is µ-compatible, then d is a separable metric (Lemma 1.1 of [10] ). Let S be a countable dense subset of X. For z ∈ S, g ∈ G, and r ∈ Q + , let
where
is the ball of radius r around the point z with the metric d. We show that
By Lemma 2.3, there is a measurable invariant set B z,g,r ⊆ A z,g,r with A z,g,r \ B z,g,r co-null. Since (X, µ, G, T ) is ergodic, B z,g,r is either a null set or a co-null set, and hence A z,g,r is either null or co-null. Since A z,g,r contains the set T
Then B is co-null and invariant. We claim that every point of B is G-transitive. To see this, let y ∈ B, x ∈ X, g ∈ G, and
We shall call a metric 1-Lipschitz (with respect to an action
for every x, y ∈ X and every g ∈ G. For example, d G is always a 1-Lipschitz metric.
In the case we have a 1-Lipschitz metric and transitivity, then we have refined structure of the action.
Lemma 3.2. Let (X, µ, G, T ) be ergodic, and let d be a µ-compatible metric on X. If T is 1-Lipschitz and G-transitive, then T is G-uniformly rigid, G-minimal, and isometric.
Proof. Let x be a G-transitive point, which will be fixed throughout the proof. We first prove G-uniform rigidity. Let ε > 0. We must show that for each g ∈ G, there is g
Now fix a sequence (h i ) in G such that h i → ∞, and for all y ∈ X, lim i d(T h i y, y) = 0. Next, we prove that the action is G-minimal. Let y, z ∈ X, let ε > 0, and let g ∈ G.
Finally, we prove that T acts by isometries. Since T is 1-Lipschitz, we know that for all y, z ∈ X, and all g ∈ G, we have d(T g y, T g z) ≤ d(y, z). Suppose that for some y, z ∈ X, and some g ∈ G, we have that
Now we generalize Theorem 4.3 of [3] (see also Proposition 5.6 of [6] ). We let C d (X) be the space of continuous maps from X to X with the metric d(
For x ∈ X we define the evaluation map at x, ev x : Λ → X, by ev x (S) = Sx. This proposition will be one of the main results of the main classification as it will allow us to relate the original G-action on X to the induced action of G on the space Λ and gives some structure results for this new action. ( Proof. Let x ∈ X be a transitive point. If S, S ′ ∈ Λ, then for all g ∈ G we have
since T is 1-Lipschitz. Since x is transitive, we have
Therefore ev x is isometric. Now choose a sequence (
Since Λ is closed in C d (X), the first part of the proposition is proved. Now suppose that d is complete. Then C d (X) is also complete. Let y ∈ X, and choose (g i ) in G so that T g i x → y. Since (T g i x) is Cauchy, and ev x is isometric, we know that (
Thus ev x is onto.
Finally, we assume that x is a G-transitive point of X, and we show that Λ is an abelian group. We will prove this by showing all elements have an inverse. Let S ∈ Λ. We claim that Sx is a transitive point. For this, let y ∈ X and ε > 0. Choose
Therefore Sx is a transitive point. It follows from the second part of the proposition that ev Sx is onto, so there is S ′ ∈ Λ such that S ′ Sx = x. Since ev x is bijective, we have S ′ S = I = SS ′ . Lastly, it is clear that Λ is abelian as all of its elements are formed as limits of commuting maps. We leave the details to the reader.
W-measurable sensitivity
In this section, we will introduce the generalization of W-measurable sensitivity to the semigroup setting and prove a technical lemma that will aid us in generalizing the classification theorem. 
Remark 4.2.
We obtain an equivalent characterization of W-measurably sensitivity if we replace "for all x ∈ X" with "for almost every x ∈ X". Furthermore, we can replace
Armed with the partial order "≥" these claims follow as in [6] , Proposition 4.2.
We prove one more technical lemma that allows us to conclude when d G is µ-compatible before generalizing the dichotomy from [6] . Recall, (X 1 , µ, G, T ) , where µ and T are the restrictions to X 1 .
Lemma 4.3. Let (X, µ, G, T ) be a nonsingular ergodic G-conservative action and d a µ-compatible metric on X. If the system is not W-measurably sensitive with respect to d, then there exists a positively invariant measurable set X 1 of full measure such that d G is a µ-compatible metric for
. We aim to show that this is the zero function a.e., because then we will have that d G is µ-compatible on a subset of full measure. Let B denote the set of points where D is non-zero, that is, B = {x ∈ X : D(x) > 0}. We need to show that B is a null set. To do this we will need to use that D ≥ D • T h for any h ∈ G which will follow since d G is 1-Lipschitz. Using this inequality, we then show B is negatively invariant. Finally, we will argue by contradiction that B is a null set.
We show D ≥ D • T h . Indeed, for ε > 0, h ∈ G, and any x ∈ X, we have
This is true for all ε > 0, and hence
We use this to show B = {x ∈ X : D(x) > 0} is negatively invariant. Indeed,
Since h ∈ G was arbitrary we have that B is negatively invariant. We now show that µ(B) = 0. Suppose to the contrary that B has positive measure. Then there is r > 0 such that µ({D > r}) > 0. We claim that {D > r} is negatively invariant. To see this, let h ∈ G and 
Thus for almost every x we have that B d G (x, r) is null. For y ∈ X, y ∈ B d G (x, r) if and only if for each g ∈ G we have d(T g y, T g x) < r. Thus {y ∈ X : (∀g ∈ G) (d(T g y, T g x) < r)} is null. Then {y ∈ X : (∃g ∈ G) (d(T g y, T g x)
≥ r} has full measure. Therefore for almost all x and y there is g ∈ G such that d(T g x, T g y) ≥ r. By Remark 4.2 this implies W-measurable sensitivity, a contradiction. Therefore B is null, and hence D = 0 almost everywhere. This finishes the proof.
The Classification Theorem
In this section we generalize the dichotomy given for N-actions, first formalized and proved in [6] . Roughly, it states that a conservative ergodic classical dynamical system is Wmeasurably sensitive or acts by isometries and has refined structure. The aim of this section is to generalize this to the context of semigroup actions.
Theorem 5.1. Let (X, µ, G, T ) be a nonsingular ergodic G-conservative action. If T is not W-measurably sensitive, then T is isomorphic mod 0 to a G-minimal G-uniformly rigid action by invertible isometries on an abelian Polish group.
Proof. Suppose that (X, µ, G, T ) is not W-measurably sensitive, then by Lemma 4.3 there is a positively invariant full measure set X 1 for which d G is µ-compatible. We can restrict µ and T to X 1 . Now we have a quintuple (X 1 , µ, G, T, d G ) where d G is µ-compatible. We can apply our lemmas from section 3 to obtain dynamical information. By Lemma 3.1 we know this action is G-transitive. Since d G is 1-Lipschitz, we have the action is G-uniformly rigid, G-minimal, and isometric.
We can complete the metric space (
. This will be a Polish space since d G is separable. We extend the measure µ to µ ′ by defining a subset A of X ′ to be measurable if A∩X 1 is measurable and µ ′ (A) := µ(A∩X 1 ). Since the action is by isometries, then it is continuous and so we can uniquely extend T g , for every g ∈ G, to (X ′ , d ′ ) such that it continues to be an isometry.
Finally, by Proposition 3.3, for any transitive point x ∈ X ′ , we have the evaluation map is an invertible isometry from (Λ,
and that T g is invertible for every g ∈ G. We pullback µ ′ to a measure η on Λ via an evaluation map. Let τ g : Λ → Λ denote group rotation on Λ by T g for any g ∈ G and τ : G → End(Λ, η) be the map g → τ g . By construction, we see (Λ, η, G, τ ) is then measurably isomorphic to (X, µ, G, T ).
Remark 5.2. W-measurable sensitivity of semigroups is invariant under measurable isomorphism. The proof follows as in the case G = N (see [6] ). A related question is whether W-measurable sensitivity is preserved under factors. We say that (Y, ν, G, T ′ ) is a factor of (X, µ, G, T ) if there is a measurable ϕ : X → Y with ϕ * µ = ν and T ′ g (ϕ(x)) = ϕ(T g (x)) for almost every x ∈ X. We provide a counterexample that shows W-measurable sensitivity is not preserved under factors:
Let α / ∈ Q and consider the product map T (x, y) = (2x mod 1, y + α mod 1) and the product system (
where m S 1 is Haar measure on the circle S 1 . By our choice of α we have the product system is an ergodic finite measure-preserving system.
By basic entropy theory (see chapter four of [13] ) we know that the product system has positive entropy since the entropy of a product system is the sum of the entropies of each part, and the times two map has positive entropy. On the other hand, Proposition 7.1 from [8] states that any positive entropy ergodic finite measure-preserving system must be W-measurably sensitive. We conclude that (
Since the circle rotation is a factor of it and the circle rotation is not W-measurably sensitive, then W-measurable sensitivity cannot be invariant under factors.
Compact µ-Compatible metrics.
As in [6] we can prove a stronger classification theorem in the finite measure preserving case. We use this stronger classification to show that in the definition of W-measurable sensitivity, we only need to consider µ-compatible metrics that are compact (i.e. metrics d for which the topology generated by d is compact).
Theorem 5.3. Let (X, µ, G, T ) be an ergodic finite measure-preserving system. If T is not W-measurably sensitive, then T isomorphic mod 0 to a G-minimal G-uniformly rigid action by invertible isometries on a compact abelian group.
Proof. If the system is not W-measurably sensitive, then by Theorem 5.1, it is isomorphic to a G-minimal G-uniformly rigid action by isometries on a Polish group which we denote by (X, µ, G, T ). Since it is complete by construction it suffices to show that (X, d) is totally bounded where d is the µ-compatible metric constructed in Theorem 5.1.
Let ε > 0 and f (x) = µ(B(x, ε/2)). This function is positive for any x ∈ X by µ-compatibility. We will show that it is constant. Indeed, since µ is measure-preserving and d is an isometry, we have for each
Since f is continuous and our system is G-transitive, then f is constant.
Then there is a largest finite collection {x 1 , . . . , x n } so that B(x i , ε/2) are mutually disjoint. Otherwise, we would contradict that the measure space is finite. Moreover, since this collection is the largest possible, then for every x ∈ X, we have some i so that d(x, x i ) < ε.
B(x i , ε) and so (X, d) is totally bounded.
Corollary 5.4. A finite measure-preserving ergodic system (X, µ, G, T ) is W-measurably sensitive with respect to all µ-compatible metrics if and only if it is W-measurably sensitive with respect to all compact µ-compatible metrics.
Proof. The forward direction is immediate.
To show the converse, suppose (X, µ, G, T ) is W-measurably sensitive with respect to all compact µ-compatible metrics but there is some µ-compatible metric for which T is not W-measurably sensitive. By Theorem 5.4, we must then have that it is isomorphic to an isometry on a compact Abelian group with respect to some metric that is µ-compatible.
By supposition, the isomorphic system is W-measurably sensitive with respect to the compact metric and an isometry for this compact metric, which is impossible.
Thus, if we are trying to prove a system is W-measurably sensitive, it suffices to prove W-measurably sensitivity for compact metrics. By considering metrics that give rise to a compact space we have extra structure to appeal to and this could make proving Wmeasurably sensitivity of an action simpler.
Restriction of Semigroup actions and W-Measurable Sensitivity
The results in this section have to do with the relation between W-measurable sensitivity of (X, µ, G, T ) and W-measurable sensitivity of (X, µ, H, T ) for sub-semigroups H of G. We denote this restriction by T | H . 6.1. Syndetic sub-semigroups. The first result concerns what might be termed cofinite sub-semigroups. As a special case we will see that a power of a single transformation exhibiting W-measurable sensitivity also is W-measurably sensitive if it is still conservative and ergodic.
Denote for a semigroup element f and subset A of G, the backwards translation by
Definition 6.1. Let G be an abelian semigroup. A sub-semigroup H of G is called syndetic if G can be covered by finitely many backwards translations of H. That is, there is a finite set F ⊂ G so that
Example 6.2. For G = N the subset H = kN is syndetic for any k ∈ N. By W-measurable sensitivity of the G-action we have for every x ∈ X and almost every y ∈ X, there is g ∈ G with d(T g x, T g y) > δ. Also, since H is syndetic, then there is f ′ ∈ F so that g + f ′ ∈ H. Applying once again the definition of syndetic to the element f ′ shows there is f ∈ F with f + f ′ ∈ H. Now, since H acts by isometries and f + f
. Hence, by W-measurable sensitivity and H being syndetic, we have for every x ∈ X and almost every y ∈ X there is an f = f (g) ∈ F where d(T f x, T f y) > δ. Now, let us cover X by a countable, measurable, pairwise disjoint cover (B i ) i∈N where diam(B i ) < δ/2 for every i. For every f ∈ F , we can define the function ϕ f : X → N that sends a point x ∈ X to the index of the element of the cover {B i } that the point T f x is in. We can also define ϕ :
F is countable, there exists an m ∈ N F such that ϕ −1 (m) has positive measure. Let x ∈ ϕ −1 (m). Then, for almost every y we know by W-measurable sensitivity that d(T f x, T f y) > δ which implies that ϕ f (x) is not equal to ϕ f (y). Hence, y / ∈ ϕ −1 (m). Therefore, ϕ −1 (m) has 0 measure, which is a contradiction.
Example 6.4. Suppose (X, µ, N, T ) is an ergodic measure-preserving system on a probability space. If it exhibits W-measurable sensitivity, then for any k ∈ N, if T k is ergodic then T k also exhibits W-measurable sensitivity. To see this take H = kN and F = {0, 1, ..., k − 1}. In particular, any totally ergodic measure-preserving system on a probability space that exhibits W-measurable sensitivity has that all of its powers are W-measurably sensitive.
6.2. Thick sub-semigroups. In this section we consider another class of sub-semigroups that preserve W-measurable sensitivity under restriction.
Example 6.6. Let H be a cone in N 2 . That is, the set of elements in between two rays anchored at the origin in N 2 . Then H is a thick sub-semigroup in N 2 . This generalizes to cones in N d by replacing two rays anchored at the origin to d-rays. See Figure 1 .
Remark 6.7. Note that H = kN is syndetic, but not thick. On the other hand, a cone in N 2 with rays at angles 0 and π/4 is thick, but not syndetic. Hence, the two notions are distinct and in order to show that the restriction of a W-measurably sensitive action onto such subsets remains W-measurably sensitive may require different techniques. Let x ∈ X and ε = δ. Since T is W-measurably sensitive, then there is y ∈ X and g ∈ G with the property that d(x, y) < ε and d(T g x, T g y) > δ.
Since H is thick in G then there is some p ∈ G with g + p ∈ H. Using once more that H is thick in G on the set {g + p, p} shows there is q with g + p + q =: h and p + q in H. Finally, we use that H acts by isometries to deduce that
a contradiction.
Closing Remarks and Further Questions
We close with a few remarks. There have been some recent results concerning sensitive dependence on initial conditions which is the topological notion that motivated W-measurable sensitivity. In particular, there have been results about sensitive dependence for semigroup actions such as [11] and [14] . Their results are purely topological while we focus on the measurable aspects of sensitivity. Moreover, their semigroup actions are by a topological semigroup that is also a C-semigroup. A semigroup G is called a C-semigroup if for every g ∈ G, the closure of G \ {hg|h ∈ G} is compact in G. We make no topological assumptions on our semigroups. Furthermore, the condition of being a C-semigroup excludes semigroups such as N d or Q d ≥0 for d ≥ 2, which our results allow. However, the family of C-semigroups includes one-parameter semigroups and actual groups, which our results do not. We thus have the following question: The last section gave some examples where the restriction a W-measurable sensitive action to sub-semigroups continued to be W-measurable sensitive provided the sub-semigroup was "large". There are other notions of "largeness" for semigroups such as being piecewise syndetic, central, an IP set, etc. We refer the reader to [4] for definitions. It would be interesting to understand which of these notions of "largeness" would preserve W-measurable sensitivity under restriction. For example, a generalization of Theorem 6.3 could be: Question 7.2. Let (X, µ, G, T ) be a non-singular dynamical system that is W-measurably sensitive. If H is a sub-semigroup of G which is piecewise syndetic in G and T | H is Hconservative and ergodic, then is T | H a W-measurably sensitive action? 
